Section 9.4

Fourier Series and LTI Systems
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@ Recallthata LTIsystem A with impulse response Ais such that
H{Z"t = H(9Z", where H(Z°Y = (- — AN Z". (Thatis, complex
exponentials are @gensequerncesof LTI systems(.

@ Since a complex sinusoid is a special caseof a complex exponential, we
can reuse the above result for the special case of complex sinusoids.

@ Fora LTIsystem A with impulse response Aand a complex sinusoid €47
ywhere Q is real«(

H 9Qn = H(e/'Q)e/'Qn‘

where
H(e0= ( ; Hn)e/an

@ Thatis, @27is an agensequenceofa LTI system and H(&2) is the
corresponding egenvalue

@ The function H(&%) is 2m-periodic, since €2 is 2T-periodic.
@ We referto H(e%) as the of the system H_
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@ Consider a LTI system with input X, output ), and frequency response
H(eL (
@ Suppose that the A-periodic input Xis expressed as the Fourier series

N-1
X = Z a,e" 0 where Qg = ZTﬂr
k=0
@ Using our knowledge about the e@gensequencesof LTI systems, we can
conclude
N-1 , ,
NN = Z akH(e’/@O)e’/@O”.

k=0

@ Thus, ifthe input xto a LTI system is a Fourier series, the output yis also
a Fourier series. More specifically, if X(7) —="axthen

) 2= H(eK) g,
@ The above formula can be used to determine the output ofa LTI system
from its input in a way that does not require convolution.
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@ In many applications, we want to /m10al7y the specirum of a signal by
either amplifying or attenuating certain frequency components.

@ This process of modifying the frequency spectrum of a signalis called

@ Asystem that performs a filtering operation is called a

@ Many types of filters exist.

Q pass some frequencies with little or no
distortion, while significantly attenuating other frequencies.

@ Several basic types of frequency-selective filters include: lowpass,
highpass, and bandpass.
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@ An eliminates all baseband frequency components
with a frequency whose magnitude is greater than some cutoff frequency,
while leaving the remaining baseband frequency components unaffected.

@ Such a filter has a frequerncy responseof the form

1 if Q| < Q.

H(el=
( ( 0 ifQ:< Q< T

where Qcis the
@ Anplot of this frequency response is given below.

H(e(
1
: : Q
—IT _QC Qc T
< >» < >» < >
Stopband Passband Stopband

Version: 2016-01-25



@ An eliminates all baseband frequency components
with a frequency whose magnitude is less than some cutoff frequency, while
leaving the remaining baseband frequency components unaffected. Such a

o filter has a frequency responseof the form

1 ifQ.< Q| <

H(eM=

where Qcis the
@ Anplot of this frequency response is given below.
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@ An eliminates all baseband frequency components
with a frequency whose magnitude does not lie in a particular range, while
leaving the remaining baseband frequency components unaffected.

@ Such a filter has a frequency responseof the form

1 ifQq < Q| <Qp

H(e=
( ( 0 if|Q|l< QaorQe< Q< T

where the limits of the passband are Qg and Q.
@ Aplot of this frequency response is given below.
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Part 10

Discrete-Time Fourier Transform (DTFT(
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@ Fourier series provide an extremely useful representation for periodic
signals.

@ Often, however, we need to deal with signals that are not periodic. A
@ more general tool than the Fourier series is needed in this case. The
@ Fourier transform can be used to represent both periodic and

aperiodic signals.

@ Since the Fourier transform is essentially derived from Fourier series
through a limiting process, the Fourier transform has many similarities
with Fourier series.
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Section 10.1

Fourier Trans form \
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@ The (DT) Fourier series iIs an extremely useful signal representation.

@ Unfortunately, this signal representation can only be used for periodic
sequences, since a Fourier series is inherently periodic.

@ Many signals are not periodic, however.

@ Rather than abandoning Fourier series, one might wonder if we can
somehow use Fourier series to develop a representation that can also be
applied to aperiodic sequences.

@ By viewing an aperiodic sequence as the limiting case of an A-periodic

sequence where IV — «,we can use the Fourier series to develop a more
general signal representation that can be used for both aperiodic and
periodic sequences.

@ This more general signal representation is called the (DT) Fourier
transform.
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@ The Fourier transform of the sequence x denoted FA{x} or X, is given
by

(o 0]

XQ)= 3 Knes

@ The preceding equation is sometimes referred to as Fourier transform
analysis equation (or forward Fourier transform equation.(

@ The inverse Fourier transform of X, denoted ~—1{ X} or x is given by
XN = £  XQe¥d.
21

@ The preceding equation is sometimes referred to as the Fourier transform
synthesis equation (or inverse Fourier transform equation). As a matter

@ of notation, to denote that a sequence xhas the Fourier transform X, we
write X(1) —— X(Q.( o

@ Asequence xand its Fourier transform X constitute what is called a
Fourier transform pair.



Section 10.2

Convergence Properties of the Fourier Transform

Version: 2016-01-25



@ For a sequence X the Fourier transform analysis equation (i.e.,
X(Q°Y = (. Xn) e/ converges uniformlyif

(o]

S Ik > |(

k= —

(i.e., xis absolutely summablé.

@ Fora sequence X the Fourier transform analysis equation (i.e-.
X(Q®Y = {_ x(n) e/ converges in the V/SE senseif

S IXAle> 2
Joo —=

i.e., Xis sguare summable(

@ For a bounded Fourier trapsform X, the Fourier transform synthesis
equation (i.e., X/F ( %T - X(Q) &27aQ) will always converge, since the
Integration interval is finite.



Section 10.3

Properties of the Fourier Trans form
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